Spoof surface plasmon polariton (SSPP) is an exotic electromagnetic state that confines light at a subwavelength scale at a design-specific frequency. It has been known for a while that spoof plasmon mode can exist in planar, thin structures with dispersion properties similar to that of its wide threedimensional structure counterpart. We, however, have shown that spoof plasmons in thin structures possess some unique properties that remain unexplored. Our analysis reveals that the field interior to SSPP waveguide can achieve an exceptional hyperbolic spatial dependence, which can explain why spoof plasma resonance incurs red-shift with the reduction of the waveguide thickness, whereas common wisdom suggests frequency blue-shift of a resonant structure with its size reduction. In addition, we show that strong confinement can be achieved over a wide band in thin spoof plasmon structure, ranging from the spoof plasma frequency up to a lower frequency considerably away from the resonant point. The nature of lateral confinement in thin SSPP structures may enable interesting applications involving fast modulation rate due to enhanced sensitivity of optical modes without compromising modal confinement.
Introduction
Surface plasmon resonance [1] in patterned metals has triggered a number of exciting applications [2] [3] [4] [5] [6] [7] [8] [9] , due to its ability to push the conventional boundary of resolution beyond the Abbe diffraction limit [10] . However, surface plasmon has also got its own limitations as well. The operating frequency is dependent on the electron density in metal which is pretty much determined by nature. In addition, there is an inherent trade-off between scaling down the optical mode volume and its loss in metal [11, 12] . The seminal paper authored by Pendry and co-workers [13, 14] introduced the very idea of spoof surface plasmon polariton (SSPP), where the artificial plasma frequency became design-specific, and the modal size can be squeezed below diffraction while the electromagnetic field does not penetrate into the metal. Thus, in principle, we can achieve subwavelength confinement in SSPP at whatever frequency we demand without incurring any Ohmic loss. Albeit deemed as a brilliant solution, the very large cross-sectional size (ideally infinite) of the metamaterial (figure 1a) as originally proposed makes the three-dimensional (3D) structure unwieldy to fabricate and harness in engineering applications, such as-data processing and routing. In 2013, Shen et al. [15, 16] showed that the very idea of SSPP mode is supported even by an ultra-thin film structure with a thickness 600 folds smaller than its operating frequency. This discovery immediately broadened the scope of constructing truly subwavelength structure which can be bent and twisted to lend the signal routing through them in a flexible way [17] . Yu et al. demonstrated that subwavelength size standalone interconnect can be implemented in thin, planar CMOS-compatible SSPP metamaterial to operate at sub-terahertz range having strong immunity to interference [18] [19] [20] . This unravels the potential of the SSPP interconnect to serve as a reliable way of transferring data at terahertz speed with reduced crosstalk.
Based on the argument of conservation of field polarization, it was hypothesized that [15] , even in thin structures, the main characteristics of SSPP metamaterial with infinite thickness are retained, and hence the standard theory for spoof plasmon [9, [21] [22] [23] [24] , originally derived for 3D structure, requires no revision. Because of the apparent resemblance between the dispersion behaviour of a 3D SSPP structure and that of its 2D planar counterpart, it was deemed redundant to perform an exclusive analysis of the planar SSPP structure. Our objective in this paper is to develop a complete theory explaining the optical characteristics of SSPP mode in planar structure coupled with its environment including the substrate underneath. It may be noted that Liu et al. [25] performed numerical simulations to study the effect of SSPP thickness on dispersion as shown in [26] and the impact of a substrate on SSPP mode was characterized by introducing an effective permittivity term eff . However, a quantitative analysis of a planar structure is needed to explain the counterintuitive red-shift occurrence in the SSPP waveguide with the reduction of the thickness of SSPP at a given propagation constant (β). Wan & Cui [27] presented a theoretical analysis of spoof plasmon in thin structures. Their analysis, however, does not predict any frequency shift or field confinement in the lower region of the SSPP band, although, in practice, the whole band undergoes red-shift with reduction of SSPP thickness as established through measurement results [15, 19, 20] as well as COMSOL simulation. In addition to explaining this anomaly, our analysis also shows that a field confinement is achieved at any non-zero frequency on the lateral wall of SSPP even at a frequency away from the spoof plasma resonance. In other words, subwavelength confinement in planar SSPP can be a broadband phenomenon contrary to the common notion of resonance-based narrow-band confinement [28, 29] . In this work, we introduce the idea of effective thickness of SSPP mode in an ultra-thin structure, which offers an intuitive view of why spoof plasma mode exists even in the limit of vanishing metal thickness. We also provide a quantitative analysis of the ultra-thin structure using the proposed effective thickness model which agrees with 3D simulation results.
This work endeavours to make both intuitive and quantitative analysis of spoof plasmon mode in planar structures. Section 2 discusses a theory which shows that for an SSPP waveguide surrounded by dielectric on each of its lateral side, an imaginary wavevector P = iδ P describes the mode profile along lateral direction. This unusual cross-sectional mode with hyperbolic profile explains why the operating frequency at a given propagation constant makes red-shift with the thickness reduction, which is quite contrary to a conventional structure where frequency scales inversely with size. Section 3 discusses the interesting concept of effective thickness t eff of SSPP groove to explain why we retain a solution of SSPP mode even in the limit of vanishing metal thickness. A useful contribution of this work is the analysis of the effective refractive index n g,eff of the groove, which takes into account both the geometry of the waveguide and the environment outside of it on governing its dispersion relation. These parameters simplify other analyses relevant to the design of bandwidth-efficient SSPP data buses, and estimation of bandwidth modulation rate with the change in the external environment.
Plane wave analysis of spoof surface plasmon polariton mode (a) Dispersion relation correction in thin structures
For the sake of simplicity, we will start our analysis for a planar (with finite thickness) corrugated metal structure with groove of infinite length, as depicted in figure 1b. This will help us isolate analysis of the mode profile in lateral plane (XY plane) and longitudinal plane (ZX plane). By the term of 'lateral' side of SSPP, we refer to the half-space extended along Y direction exterior to the groove. This half-space is defined by |y| > t, where 2t is the thickness of the structure, the grooves are oriented along Z direction and (x, y) = (0, 0) line longitudinally bisects a groove into equal halves. Finite cross section of SSPP will induce a non-zero wavevector P along the lateral direction of the groove. We will make two alternative assumptions to analyse what sort of modification is needed to study the dispersion characteristics of an SSPP waveguide with finite thickness (2t).
(i) Assumption I: absence of E z field
The perfect electric conductor approximation of metal at terahertz frequencies and below along with the fact that the operating wavelength is much larger than twice the groove width justifies the assumption that the electric field component E z , because of being tangential to every point on the surface of patterned metal (including the interior wall of the grooves) vanishes on the waveguide surface and is necessarily nominal compared to the other components of electric field of SSPP mode in space. Let, E g,x and E a,x are x-components of electric field interior and exterior to the groove, respectively, and we will consider first the even mode of E g,x (even/odd mode is defined according to the symmetry of E g,x component along Y axis with its centre at the middle of the groove).
and
where Q and β are propagation wavevector components along the groove length and waveguide's periodicity, respectively; P m and K n = iκ n are the transverse wavevector components along Y axis describing modes at the interior and exterior to the groove, respectively; g = n 2 g 0 is the dielectric constant of the groove, G m and A n are the amplitudes of the field components in the groove and air, respectively; m, n are integers corresponding to optical modes. κ n must have to be of real value in order to sustain guided mode. An assumption of E z = 0 in addition to the divergence relation of electric field in source free region, i.e. ∇.E = 0 leads to the following simple expression of other field components.
Hence the other field components inside (outside) of the groove can be expressed in terms of the amplitude G m (A n ) as
Now, matching the electric field boundary condition E a,x = E g,x | y=t,−a/2<x<a/2 at the interface and taking the fact that E x = 0 outside the window of −a/2 < x < a/2 on the interface, we get
where
−a/2 e iβ n x cos((mπ/a)(x − a/2)) dx. Likewise, matching the magnetic field boundary condition H a,z = H g,z | y=t,−a/2<x<a/2 on the interface, we get mπ a
Assuming n = m = 0 mode prevails, and using the relation 2 ; n g being the refractive index of the material that fills the groove, we arrive at the following simplified relation
It can be seen that, irrespective of the metal thickness 2t, equation (2.3) is satisfied for P = 0, which, in turn, leads to the prediction of Q = ωn g /c. Thus, assumption I predicts existence of SSPP mode in structures with arbitrary thickness, however, it falls short in explaining the small shift in frequency with change of metal thickness. (ii) Assumption II: TM mode prevalence
For a structure with thickness (2t), standing free in air environment, with the wave propagating along the groove's direction of periodicity (x direction), we can set H x = 0 at the lower frequency regime inside the narrow groove for PEC boundary. Then the field components for TM mode inside the groove (E g , H g ) and outside of it (E a , H a ) can be written as, assuming e −iωt time dependence,
A n e iβ n x e −κ n (y−t) e iQz (2.4b)
where k and k g = n g k = n g (ω/c) are the wavevectors describing field exterior and interior to the grooves. From the condition of tangential field (i.e. E x and H z ) continuity at the interface (y = t), we get the following relations,
where m, n subscripts denote various orders of modes,
If only n = m = 0 mode is considered, then
As we can see, because the r.h.s. of equation (2.6) is a negative number for a guided mode, Pt must have to be greater than π/2 to make the l.h.s. negative as well. This sets a lower limit on the SSPP waveguide thickness in turn. This prediction is harmonious to the result of some of the earlier attempts i.e. [30] for size reduction of SSPP waveguide where structure with thickness comparable to its periodicity were considered to be the best possible solution. Interestingly, the l.h.s. of equation (2.6) can also be negative for arbitrary thickness 2t if P assumes a small, purely imaginary value, i.e. P = 0 + iδ P , since the imaginary P yields l.h.s. = P tan(Pt) ≈ P 2 t = −δ 2 P t for small Pt. Then, using (ω/c) 2 
where tanh(x) ≈ x is used, and we kept our interest limited to thin groove. The corresponding frequency will be ω/c
. So, the frequency detuning due to finite size of SSPP waveguide standing free in air is = − 
To determine the value of the wavevector P, we need to know the phase factor along the groove length (i.e. wavevector Q) for a given propagation constant β. The relation between β and Q follows from the standard theory of SSPP mode [23, 31] in one-dimensional corrugated metal structure.
For a structure of thickness 2t bound with metallic walls on the lateral sides, the lowest order lateral wavevector would be P 0 = π/2t. This indicates that reduction of thickness 2t in such a structure would increase P which would, in turn, cause an increase of frequency ω (i.e. blue-shift) at a given β, as P 2 + Q 2 (β) = (ω/c) 2 . On the contrary, SSPP structures whose lateral sides have interface with dielectric show the opposite response, i.e. for a given β, the operating frequency demonstrates red-shift with the reduction of its thickness, as the wavevector P takes an imaginary value following equation (2.7).
(b) Effect of substrate
Usually, SSPP waveguides are grown on top of a substrate such as silicon, which introduces asymmetry to the cross-section profile of the waveguide. Let us assume that, the grooves are filled with dielectric constant r = g , and are fabricated on substrate with r = s . Following the same strategy stated above, we obtain the following dispersion relation taking into account the presence of a substrate
where S 2 = (k 2 0 /P)(a/d)sinc 2 (aβ/2), and r = s / 0 .
Also
(i) Approximation for arbitrary substrate index n s
The refractive index of the substrate on which the SSPP waveguide resides may vary from a small value (i.e. for SiO 2 with dielectric constant, r ≈ 2) to a very large one (i.e. for silicon with r ≈ 12). However, despite the mirror symmetry condition of SSPP structure is broken through the introduction of a substrate, we can still show that, for β ω/c and for small value of the parameter Pt, the net effect of addition of a substrate can be incorporated by modifying the coupling parameter S 2 as follows.
Therefore, the dispersion equation of an SSPP structure with broken symmetry along lateral direction remains equivalent to a hypothetical SSPP structure with a symmetry, while the coupling between the groove of the hypothetical structure and the environment is S 2 asym = where (+) and (−) signs result in the description of transverse profile for even and odd mode, respectively. We immediately recognize the solution of P = iδ P for this equation as
(c) Effective refractive index of a planar spoof surface plasmon polariton
In an SSPP medium with infinite lateral dimension, the propagation constant inside the groove is, Q = ω/c. From the above analysis, we can also determine an effective propagation constant for an SSPP medium with finite thickness as follows:
Thus we can state that the impact of reducing the thickness of SSPP structure from an infinite value to some finite one is equivalent to filling up the interior of the groove of the SSPP waveguide (with infinite thickness) with some material of refractive index n g,eff .
The above analysis implies that the refractive index of the material lying outside of a planar SSPP on its lateral side can redefine the spoof plasma frequency of the medium. Consequently, the lateral surface of a planar SSPP structure is the most sensitive interface among all. This knowledge will help us to design efficient SSPP signal modulation scheme by placing an electro-optic material on the lateral SSPP interface. This will obviate the need to perform uniform deposition of material into the walls of narrow grooves of SSPP waveguides.
Thin film of spoof surface plasmon polariton (a) The concept of effective thickness
The single-mode approximation method, while providing a simple way to analyse the behaviour of subwavelength mode in periodic SSPP structure, has one drawback. As we exclude the higherorder modes in our calculation ignoring the field fringing effect at the edges, the extrapolation from the analysis begins to depart from the exact results as the thickness of the metallic structure becomes comparable to the dimension of the surface emanating the fringe field.
In this work, we propose a different strategy of finding analytical solution for SSPP mode in an ultra-thin waveguide. We introduce a simple yet powerful concept of effective thickness of SSPP groove in order to incorporate the effect of field fringing. Figure 1c gives visualization of the idea of effective thickness and corresponding simulation. The idea of defining an effective thickness of SSPP is owing to the observation that the grooves of SSPP structures essentially behave as capacitors. The capacitance per unit length can be estimated as the following,
where the surface charge per unit length Q g,s is estimated from the boundary condition 0 E g .x = ρ s = Q g,s /2t. As we know, electric field can be expressed as a contribution from both a scalar potential and a magnetic vector potential, i.e. E g,x = −∇ x φ − iωA x = −∂φ/∂x − iωA x . In our case, ∇ x φ is on the order of 1/a, while the normalized frequency Q ∼ ω/c that we are interested in is much less than π/a. This is why |ωA x /∇ x φ| 1, and we can approximate the state inside the groove as a quasistatic field, where E g,x ≈ −∇ x φ. A slightly better formula for parallel plate capacitance incorporating field fringing effect up to the limit of t > a, provided by Parker [32, 33] enables us to define an effective thickness of SSPP groove as
We capitalize the very idea of finding the static capacitance between the edges of neighbouring metal strips forming grooves of SSPP waveguide (see appendix A for details), which yields an effective thickness for SSPP waveguide with vanishing thickness (i.e. t → 0), as
Here w = (d − a)/2, and d is the periodicity of the structure.
(b) Effect of a substrate on thin spoof surface plasmon polariton
In the case of SSPP of nominal thickness on a substrate, we will first find the gross refractive index that an infinitely long and thin conducting strip will experience close to the interface of substrate by applying image theory for dielectric [34, 35] as n strip = n 2 s + 1/ √ 2. The newly defined renormalized refractive index for the hypothetical uniform space around a thin conductor strip n strip basically takes the effect of substrate into account. By contrast, the effective refractive index n g,eff of SSPP structure takes care of phase variation inside patterned metal, described by equation (2.11b). In particular, we see a stronger impact of the environment on thin film SSPP reflected through its effective index n g,TF eff .
A visual comparison of the band-edge frequencies ω e = ω| β=π/d (marked with a circle in figure 2a,b) normalized with respect to the quarter wavelength frequency (corresponding to π/4 phase change along the groove length) for SSPP waveguides of different thicknesses is given in figure 2a . It shows that, for an SSPP waveguide with geometric parameters taken as h = d ≈ 10a, the modification of the band due to the change of waveguide thickness is nominal, the maximum detuning of ω e for thin film SSPP waveguide being not more than 20% (i.e. (π/2 − ω e h/c)/ π/2 ≈ 0.2). On the other hand, as depicted in figure 2b , the impact of the substrate on detuning of the band-edge frequency of a thin film SSPP waveguide from quarter wavelength frequency is remarkable, reaching as much as 70% for silicon substrate, whose refractive index is ≈ 3.5 at 1 THz. This spectacular change in the operating frequency of planar SSPP structure owes to the fact of modified plasma frequency ω p = π/2n g,eff h, where n g,eff is described by equation (2.11b) for SSPP with thickness t > t TF and by equation (3.2) for t ≤ t TF . Figure 3b shows the simulation result by COMSOL Multiphysics of the profile of electric field component (E x ) taken along a line passing through an 8 µm thick SSPP unit cell. While evanescent field profile exterior to the groove appears as expected, we emphasize on the nature of field interior the groove, in particular, as it shows a peculiar profile of hyperbolic spatial distribution with its centre at the middle of the groove. This profile justifies our description of the interior E x field by the function cos(iδ P t), δ P being a small positive number with unit of wavevector.
Properties of confined modes (a) Degree of confinement
While the dispersion relation of spoof plasmon remains approximately same in both thin and wide structures (up to the small frequency shift), the field confinement along two different directions on the plane transverse to the direction of propagation is subject to different degrees of localization at a given frequency. Figure 3a field in an unit cell of SSPP waveguide along two different transverse directions, namely lateral, and vertical. In order to quantify the degree of localization in these two directions, let us attribute the following condition on the transverse wavevector κ of evanescent mode exterior to the groove for distinguishing the spectrum of modal confinement: κ ≥ sω/c, where s > 0 is a dimensionless parameter specifying the threshold degree of modal confinement in the system of interest. Then using the relation between β and ω, and leveraging the fact that β ≈ κ on the lateral side of a planar SSPP structure, we arrive at the following inequality condition for the spectra of modal confinement along the lateral direction.
As the r.h.s. of the inequality 4.1 is always greater than 1, the inequality for modal confinement is always satisfied for all frequencies, as long as s < 1 suffices for the system, and we will have modal confinement for all possible frequencies up to the spoof plasma resonance, i.e. the entire band.
For an arbitrary positive value of s, the fraction of band over which we will achieve threshold confinement along lateral direction can be shown to be
where u s−1 is a unit step function of s with value equal to 1 for s > 1, ω p is the normalized spoof plasma frequency of the meta-structure, and ω min is the frequency corresponding to threshold degree of confinement. On the contrary, for vertical confinement along the Z direction, the bandwidth over which the confinement can exceed the threshold value can be shown to be
Comparing equations (4.2) and (4.3), by taking, for instance, s → 1, we can see that, the fraction of the band of modal confinement c,vert along the vertical (Z) direction is much smaller than unity for SSPP structures with narrow grooves. Whereas, for the same value of s, c,lat approaches unity, which means the degree of confinement along the lateral (Y) direction can exceed the . Solid lines are obtained by the theory established in this paper, while the discrete circles (o) and triangles ( ) are obtained via numerical simulation in COMSOL Multiphysics [36] threshold limit almost over the entire band of thin SSPP waveguide, irrespective of the value of a/d. For s 1, i.e. for the stringent requirement of deep subwavelength confinement, the two equations become similar, as expected.
(b) Bandwidth modulation of confined mode
In order to find the bandwidth (BW sp ) of SSPP waveguide of the fundamental band, it suffices to know the spectral position of the band-edge frequency ω(β max ) = ω e , as BW sp = (1/2π )ω e . Bandedge frequency also indicates the frequency region where the sub-diffraction characteristics of SSPP mode are strongest. For 3D SSPP structure, with groove length of h, refractive index of n g and a dielectric half-space of index n d residing on top of it, we can estimate the difference between the plasma frequency (asymptotic frequency) and the band-edge frequency. Let δ ω be the deviation of the band-edge frequency from normalized plasma frequencyω p = (ω p /c)n g h = π/2. We shall letω e = (ω e /c)h = (π/2 − δ ω )(1/n g ) be the normalized band-edge frequency for SSPP mode.
The sensitivity of the band-edge frequency on dielectric half-space can be found as follows, It is easy to see from equation (4.4) that, while in the limit of a/h → 0 for a given groove width a, the dependence of band-edge frequency of a 3D SSPP structure over the dielectric halfspace simply vanishes. The dependency of band-edge frequency of a planar SSPP structure (i.e. structure with small thickness) over substrate index is given by equation (4.5a). where n g,eff is always greater than n g . We see that, as t → ∞, the band-edge frequency ceases to vary with the refractive index of substrate. The sensitivity of the band-edge frequency on the optical property of environment can be significant for planar SSPP structure than for its 3D counterpart. In the case of strongly confined SSPP mode, which requires d h, the band-edge of the 3D SSPP structure will have a scant regard to its environment, while in planar structure the sensitivity of band-edge can remain significant, independent of the ratio of d/h.
For thin film SSPP, the dependency of band-edge frequency over substrate index is the strongest of all, since the groove mode expands into the substrate itself. Our analysis suggests the sensitivity of band-edge frequency of thin film SSPP to be, for n s 1 . Figure 3c illustrates a comparative view of the change of SSPP bandwidth with the change of the refractive index of external environment, for a 2D and 3D SSPP structure. The groove length h is taken five times the periodicity d, so as to single out the sole contribution of the change of plasma frequency ω p in governing the change of bandwidth. For 3D structure, the change of bandwidth is nominal, as its plasma frequency is independent of the condition of environment. However, for planar thin film SSPP structure, the change of bandwidth is tremendous, since the plasma frequency, in this case, is indirectly dictated by the environment.
Conclusion
In summary, the paper discloses a comprehensive theory that provides the explanation of the properties of spoof surface plasmon mode of electromagnetic wave propagation in a corrugated
